Asymptotically free scalar curvature-ghost coupling in Quantum Einstein Gravity 
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We consider the asymptotic-safety scenario for quantum gravity which constructs a non- 
perturbatively renormalisable quantum gravity theory with the help of the functional renormali- 
sation group. We verify the existence of a non-Gaufiian fixed point and include a running curvature- 
ghost coupling as a first step towards the flow of the ghost sector of the theory. We find that the 
scalar curvature-ghost coupling is asymptotically free and RG relevant in the ultraviolet. Most im- 
portantly, the property of asymptotic safety discovered so far within the Einstein-Hilbert truncation 
and beyond remains stable under the inclusion of the ghost flow. 



I. INTRODUCTION 

The construction of an internally consistent and fal- 
sifiable theory of quantum gravity is one of the major 
challenges of modern theoretical physics. As the pertur- 
bative quantisation of the Einstein-Hilbert action yields 
a non-renormalisable theory [l], El, H 0] several alternative 
approaches have been proposed: A change in the degrees 
of freedom and of the microscopic action, as well as a 
different approach to quantisation, or assumptions about 
a discrete nature of spacetime offer possible routes to a 
predictive theory of quantum gravity. However, the pos- 
sibility remains that the apparent nonrenormalisability is 
not a failure of Einstein gravity but rather of the simple 
perturbative quantisation scheme. This is the underlying 
viewpoint of, eg-, lattice simulations of the gravitational 
path integral [EH @] • 

Within analytical continuum approaches to a 
non-perturbative quantisation of gravity, Weinberg's 
asymptotic-safety scenario H H [Tc} represents a pos- 
sible way for a predictive theory of quantum gravity: 
Weinberg argued that, if the non-perturbative renor- 
malisation group trajectory of a quantum field theory 
approaches a non-GauBian fixed point (NGFP) in the 
ultraviolet (UV), the UV limit can safely be taken. If 
furthermore the NGFP has a finite number of relevant 
directions, the theory has predictive power. If moreover 
an RG trajectory emanating from the NGFP can be 
connected continuously with a regime in the infrared, 
where both the cosmological constant and Newton's 
constant are positive and small, the asymptotic-safety 
scenario is consistent with our universe as we observe it 
now. 

A suitable tool to study this scenario is the functional 
renormalisation group (RG). Formulated in terms of the 
Wetterich equation [n|, [l2j , the functional RG describes 
the change of the effective average action as a function 
of a momentum scale k: 



d t r k = ^STi{[r[ 2) + R k }- 1 (d t R k )}, d t = k^. (l) 

(2) 

Here, T k denotes the second functional derivative of this 
effective action with respect to the fields, which is the 



full inverse propagator at the scale k. The quantity R k is 
an infrared regulator, which suppresses contributions of 
modes with momenta p 2 < k 2 to the supcrtrace. Project- 
ing the equation onto a given operator on the left- and 
right-hand side yields the non-perturbative j3 function of 
the coupling associated with this operator. 

The functional RG for gravity has been pioneered by 
Reuter [l3[ . It proceeds in many ways similar to the cor- 
resp on ding qu antisation of Yang-Mills theories, see, e.g., 
[l4 KEl. lift [l7l, Il8j . Whereas various systematic and con- 
sistent nonperturbativc approximation schemes, such as 
derivative or vertex expansions have been devised and 
successfully applied in a large variety of cases ranging 
from critical phenomena to strong-coupling problems in 
gauge theories, the choice of truncations of the effective 
action in gravity has partly been guided by the avail- 
able computational tools, most notably the heat-kernel 
expansion. 

Early calculations have focussed on the Einstein- 
Hilbert truncation where the existence of a NGFP has 
been observed for the first time [H Gj|. The fixed point 
has remained remarkably stable upon the inclusion of 
higher orders of the curvature 0, El EE EE EE EE 
El, El El ES HI, even up to R 6 [3l|. Recently, new 
techniques have allowed to go beyond the class of f(R) 
truncations and include, e.g., the operator C llVR xC ttVK *' 
involving the Weyl tensor among the gravitational inter- 
actions [32|. Not only the existence of the non-Gaufiian 
fixed point has been confirmed in a variety of studies, 
but also the critical exponents classifying the relevant 
directions at the fixed point show a satisfactory conver- 
gence upon increasing the truncation. All these investiga- 
tions have accumulated a substantial body of evidence for 
asymptotic safety of Quantum Einstein Gravity (QEG) 
(for reviews see [H, EE EE ) . This stimulated, of course, 
also the study of phenomenological implications of the 
existence of a fixed point (see e.g. [H| for references). 

As is known from certain gauges in Yang-Mills theo- 
ries, e.g., the Landau gauge or the Coulomb gauge, ghosts 
can play an important if not dominant role in the strong- 
coupling regime of a gauge theory [II El [H, EE HE Sl[ . 
This is because the strong-coupling regime can be entrop- 
ically dominated by field configurations near the Gribov 
horizon which induce an enhancement of the ghost prop- 
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agator. As the Gribov ambiguity is also present in stan- 
dard gauges in general relativity [42j , similar mechanisms 
may become relevant in QEG. However, investigations 
of the non-GauBian fixed point in QEG have neglected 
running couplings in the ghost sector so far, mainly for 
technical reasons. Only a classical ghost term has been 
considered. In this work, we take a first step in this direc- 
tion and examine the RG flow in the ghost sector. More 
specifically, we truncate the theory space of QEG down 
to the following action: 



Tfe = Teh + F g f + F„ 



TRgh, 



(2) 



where 



calculations; this amounts to a classical treatment of the 
ghost "kinetic" term. The term in Eq. © con- 

tains the running curvature-ghost coupling which 
is of central interest in this work. In any dimension, 
it corresponds to a marginal coupling in a perturbative 
power-counting classification, as the ghosts carry canon- 
ical dimension Since such a classification does no 
longer hold at a non-Gaufiian fixed point, it is a crucial 
question whether this curvature-ghost coupling becomes 
relevant or irrelevant because of the interactions. 

In the remainder of this work, we drop the argument 
k of the couplings which are implicitly understood as 
running couplings. 



Teh 

r g h 

r Rgh 

r-2 _ 



2R 2 Z N (k) J d d x v ^(-R + 2X(k)), (3) 
J d d xVsr u F,[g,h}F4g,h], (4) 
-V2Z c (k) J d^xy/Sc^M^, 



(5) 
(6) 



and k 2 = on V- . The Einstein-Hilbcrt action Teh con 
tains the dimensionful Newton constant Gn, the run- 
ning graviton wave function renormalisation Z-^(k), and 
the running cosmological constant A(fc). For the neces- 
sary gauge fixing of metric fluctuations, we apply the 
background-field method [H, [H, HI , where the full 
metric 



(7) 



is decomposed into the background metric g^ v with its 
compatible covariant derivative D\. denotes the fluc- 
tuations around this background which do not have to 
obey any constraints concerning their amplitude. This 
is a crucial difference to a perturbative treatment on a 
fixed background. The curvature scalar constructed from 
the full metric is denoted by R, the one pertaining to the 
background metric by R. The gauge-fixing action F g f 
contains the gauge- fixing condition F^[g, h], which reads 
for the background-covariant generalisation of the har- 
monic gauge: 

Fft [g,h} = V2R - l±E.DJi v ^j . (8) 

In Eq. Q, we ignore any independent running of a(k) — > 
a =const. The appropriate ghost term T g h contains the 
Faddeev-Popov operator 



-2 l -±Pg^r X D xlav D pi 



(9) 



and Z c (k) denotes a wave function renormalisation for 
the ghosts, which we will later set to Z c (k) = 1 in our 



II. COMPUTATIONAL METHOD 

Our truncation ([2]) defines a hypersurface in theory 
space. The solution of the flow equation (TTJ provides 
us with an RG trajectory in this hypersurface, once an 
initial condition is specified. For unspecified initial con- 
ditions, the flow equation defines a vector field on this 
hypersurface. In order to arrive at an explicit represen- 
tation of this vector field in terms of the flow of the cou- 
plings, we need to project the right-hand side of the flow 
equation onto the operators of our truncation. 

For this, we perform the computation on a maximally 
symmetric background metric of a d dimensional sphere 
of radius r in Euclidean space where 



R 



d(d-l) 



R 



J d d xVS = 



T(d/2) 

r(d) 



(10) 



Whereas this leads to an enormous simplification of the 
calculations, this background does not allow to disentan- 
gle the flow of rR g h from that of, e.g., an operator of the 
form J d d Xy/j cfR^c" . Moreover, as we set -y^ u =g^ u in 
the flow equation, an operator of the form J d d Xy/gc fi Rc fl 
can not be disentangled from TR g h. Our calculation 
shares these ambiguities with most of the other works on 
the asymptotic-safety scenario for QEG, as the deriva- 
tion of the flow equation with two distinct metrics and 
more complex backgrounds is highly non-trivial. 

A simplifying but sufficiently unique choice for the 
background ghost fields is given by covariantly constant 
ghosts, 



D> 



= 0, 



(11) 



which allows to disentangle the flow of £ from that of the 
ghost wave function renormalisation Z c . 

Past works in QEG evaluated the trace on the right- 
hand side of the flow equation by invoking a propertime 
representation and using hcat-kcrncl techniques. For our 

(2) 

purposes, we explicitly invert rj, on a d sphere to get the 
graviton propagator in terms of a basis of hypcrspherical 
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harmonics. The trace operation over the eigenvalues can 
then be evaluated explicitly. 

This technique has the advantage that it allows for 
a straightforward inclusion of external ghost fields, and 
hence the flow of the coupling parameter of the curvature- 
ghost term £ is accessible with our method. For this, we 

.(2) 



use a decomposition of + Rk m to an inverse prop- 
yl 

agator matrix contribution Vk = Tt [c = = c] + Rk 
containing the regulator but no external ghost fields and 
a fluctuation matrix contribution T containing external 
ghost fields. The components of T are either linear or 
bilinear in the ghost fields. With this decomposition, the 
right-hand side of the flow equation can be expanded as 
follows: 



d t r k = 



isTr{Tf 



Rk. 



l (d t R k )} 



(12) 



-STrdMVk + f) 



1 



STrcUn7\ 



E 

71=1 



-1) 



ri-1 



where the derivative d t in the second line by defintion acts 
only on the k dependence of the regulator, dt = dtRk-^-- 
On the background of d spheres, the left-hand side of 
the flow equation for the scalar curvature-ghost coupling 
after setting 7 M1/ = g^ v takes the form 



9 t r Rgh = (dtC)c' 



c^R 



d d o 



(13) 



C/1 T(d) [d 



l)(47r) d / 2 {r 2 )i- 



As T contains terms linear and bilinear in the ghosts, 
the flow of C is fully determined by the n = 1 and n = 2 
terms of the expansion of the flow equation Eq. fT2|) . 

We evaluate the fluctuation matrix entries in the 
Landau-DeWitt gauge a = 0, as this is a fixed point 
of the RG flow j4f| [46| , and we set the second gauge pa- 
rameter /0=1 for our evaluation of the Einstein- Hilbcrt 
sector; see AppfSJ Then we apply the York decompo- 
sition [i?]] to the graviton hav to identify its trace part 
h = g^h^u, its transverse traceless part K^ v , and the 

traceless longitudinal vector and scalar parts £ M and &: 

V = h Jiv + Dfi£» + Dv&n + D^D U & - ^g t _ ll/ D 2 a + -g^h. 

(14) 

In the Landau-DeWitt gauge, the contribution of all 
graviton modes except for the transverse traceless tensor 
mode is zero, as can be seen by considering the generic 
form of the flow equation: The full propagator (includ- 
ing a regulator) of vector, scalar and conformal mode is 
oc a in the background version of the harmonic gauge 
Eq. (|18[) . Thereby, each term in the V^T expansion 
containing the vector, scalar, or conformal mode will al- 
ways be oc a, too. 

Hence, we arrive at the five diagrams displayed in Fig. 
[I] in which only the transverse traceless graviton mode 



propagates: The two-vertex diagram appears in four dif- 




FIG. 1: Single diagram on the top: tadpole contribution to 
the running of ( . Four diagrams on the bottom: Two-vertex 
contribution to the wave function renormalisation of the ghost 
and the curvature-ghost coupling (. Spiral lines denote gravi- 
tons, dashed lines denote ghosts. The regulator insertion in 
the internal propagators is implicitly understood. 

ferent versions, as two different antighost-ghost-graviton 
vertices exist in our truncation, namely one oc £ and one 
oc Z c . Accordingly, there is a diagram with two C ver- 
tices, one with two Z c vertices and two mixed ones. Now 
we can make use of the fact that the equation of motion 
for the transverse traceless part of W vanishes identi- 
cally on d spheres for vanishing ghost fields, 



{6{y/gR))\ h , 



(15) 



-h^R^ + D»D u h uv - D 2 h 



-hR 



\hT... 



d sphere 



0. 



Hence, the antighost-ghost-graviton vertex which is 
oc C does not receive a contribution from the transverse 
traceless mode, when evaluated on the Euclidean deSit- 
ter background. 1 Thereby, three of the four sunset dia- 
grams are zero. Finally, the diagram with two oc Z c ver- 
tices vanishes for covariantly constant ghost background 
fields, as the ghost kinetic term can be brought into the 
following symbolic form by partial integration 



d d xy/g (Dc) (Dc) . 



(16) 



Upon deriving the antighost-ghost-graviton vertex con- 
nected to the antighost from this equation, the result is 



1 This fact is obvious for maximally symmetric spaces, where 
Riw ~ g^uR- Hence, a different choice of background would 
require the evaluation of some of the ghost self-energy diagrams. 
However, this does not imply that the final result for the /3 func- 
tion is background dependent, as the fluctuation matrix enter- 
ing the tadpole diagram would also change on a different back- 
ground. A maximally symmetric background simply corresponds 
to a very efficient organisation of the flow equation also in terms 
of diagrams. 
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always proportional to Dc, and hence the diagram van- 
ishes on the covariantly constant ghost background, cf. 
Eq. (jlljl . This simply reflects the fact that this diagram 
contributes solely to the running of the ghost wave func- 
tion renormalisation. 

To summarise, only the tadpole diagram contributes to 
the running of £, corresponding to the n = 1 term in the 
expansion of the flow equation Eq. (JT^J) . To evaluate the 
tadpole diagram, the necessary fluctuation matrix entry 
projected onto a d sphere is 



d(d - 3) 
2^~ 



4 D 2 \ uT 
(17) 

Next, we need the explicit form of the transverse trace- 
less graviton propagator. The second variation of the 
Einstein-Hilbert action including the gauge fixing with 
respect to the metric takes the form [2(| 



s 2 r 



EH+gf 



= 2k, 
/l 



d d x yfgh^ 



"ft 
1 -2a 



4o 



1 



{28^-r v 9pa){R-2X) 



1 - a 



5%R\ - 



{r v D p D a - 8*D V D P ) }hP- 

u. 

= f d d x^h^(T { V)^ KX h KX . 



(18) 



In the Landau-DeWitt gauge, we need only the inverse 
propagator for the transverse traceless tensor on the d 
sphere: 



f r (2)\ - - -2? fd(d-3) 



2X- D 2 



(19) 

Now we can invert the two-point function to arrive at the 
full regularised fc-dependent propagator, 



.(2) 



k.h T 



G 



1 



5 d (x - x')g w g avi . 



(20) 

where symmetrisation of fj, v and p <-» a on the left- 
hand side is understood implicitly. At this stage, we 
take advantage of the existence of a basis for traceless 
tensor functions on the d sphere: the tensor hypersphcr- 
ical harmonics Tr£(x). They fulfil a completeness and 
an orthogonality relation, and are eigenfunctions of the 
covariant Laplacean D 2 , 



For the tensor mode there is a Z^-fold degeneracy of the 
hyperspherical harmonics for fixed I but different m (48l . 
14911 where 



D, 



(d + l)(d -2)(l + d)(l -l)(2l + d-l)(l + d- 3)! 



2{d- 1)1(1 + 1)! 



The eigenvalues of the Laplacean are given by 



A, 



1(1 + d- 1) 



(23) 



(24) 



As the hyperspherical harmonics form a basis for func- 
tions on the d sphere, we can expand the Green's function 
as follows: 



oo Di 

G(x-x'), vpa =VV a lm T l ™(x)T£(x'), (25) 



1=2 m=l 



with expansion coefficients a\ m . We insert our expression 
Eq. (|19|) into Eq. (|20|) . and use the eigenvalue equation 
Eq. (j22|) . As the regulator is some function of —D, it 
turns into the same function of A; in the hypcrspherical- 
harmonics basis. 

Applying the completeness relation allows to rewrite 
the right-hand side of the definition of the Green's func- 
tion Eq. (f20|) . By a comparison of coefficients with re- 
spect to the hypcrsphcrical-harmonics basis, we obtain 



_ 2 f d(d-3)+4 

K Zn 5 



2\ + A t )+R ktl (2,6) 



for I > 2. Here, we have assumed that the argument 
of the regulator Rk(x) is a function of the Laplacean, 
x = x(D 2 ), such that 



R 



k,l 



Rk(x(Ai 



(27) 



S d (x - x 1 ) 

~\7f 



oo Di 



-9 W 9 V . = EE T l ™(x)T l ™(x>), (21) 

1=2 m=l 

elk $rmn I id _ r= —iho—VfTrnXm, / ^\rrkn / 

5 5 = dxy/gg^g T (x)T (x), 



D 2 T^(x) = AtTpix) 



(22) 



From the expression Eq. (|2"6")) . it is obvious that the cos- 
mological constant is similar to a wrong-sign mass term 
for the graviton modes. 

The n = 1 term in the expansion of the flow Eq. (Ql 
finally reads 
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where the trace implies an integration with measure j d d Xy/g j d d y^/g & • lnv °king the orthogonality relation 
Eq. (|22[) and evaluating the 9 t derivative, we end up with the following expression: 



TrB t (V~^) = Y -Cc^DAR,, f_d(d-3) + 4 _ A, , 



We parameterise the regulator function for the transverse 
traceless mode by 



Rk{x) 



X X 



Z^K 2 k 2 



(30) 



where the shape function t(y) specifies the details of the 
Wilsonian momentum-shell integration. Different choices 
correspond to different RG schemes. As we need to ex- 
pand in the curvature radius r in order to project the 
flow onto the truncation, an analytic shape function is 
required. Here, we work with an exponential shape func- 



tion t(y) 



as an example. Moreover, the regulator 



can be adjusted to the flow of the spectrum of the full 

r< T 

propagator [50|, by choosing y = ZK ^Ji k -i evaluated on 
the background field. For the graviton, this yields 



d t R k (y) = -(2 



v )yt'r$ + (t + yx')d t T$, 



(31) 



where the prime denotes the derivative of r(y) with re- 
spect to y. In addition, we have introduced the graviton 
anomalous dimension 



'/ 



(32) 



(Our choice of a spectrally adjusted regulator corre- 
sponds to type III in [27|.) For the trace in Eq. ([25]). 
i.e., the sum over I, we invoke the Euler-MacLaurin for- 
mula that transforms the sum over I into an integral. We 
expand the result in powers of the <i-sphere curvature r 
amd project the result onto the power of (r 2 )a _1 in or- 
der to perform a comparison of coefficients with respect 
to the scalar curvature-ghost term, cf. Eq. (fT3| . Inci- 
dentally, all non-integral terms in the Euler-MacLaurin 
formula do not contribute to the scalar curvature-ghost 
coupling. 

Our method also applies straightforwardly to the 
Einstcin-Hilbert sector, where our results confirm the 
asymptotic-safety scenario of QEG obtained in other 
gauges and with other regulators, see App. [A] As we 
use an unprecedented combination of the Landau-DeWitt 
gauge a = together with a spectrally adjusted regula- 
tor, our results in this sector represent an independent 
confirmation of asymptotic safety. 



III. RESULTS 

For the discussion of the fixed-point structure of QEG, 
we introduce dimcnsionlcss renormalised couplings G, A, 
and £ which are related to the bare quantities by 



G = 
X 

C 



GY 



f 



Z N k 2 
Xk- 2 , 

C/z c . 



32wK 2 Znk 2 - 
d t X= -2X + k-' 2 



d t X, 



(33) 



The running of the wave function renormalisations of 
graviton and ghost, Z^ and Z c , respectively, are gov- 
erned by the corresponding anomalous dimensions, r\ (see 
Eq. (02)), and 7j c = -d t lnZ c . 

From this point on, we confine ourselves to d = 4, even 
though the calculations in the remainder are straightfor- 
wardly generalisable to d ^ 4, see also [5l| (52j. With 
these prerequisites, we can now state our result for the 
graviton-tadpole induced flow of the coupling £: 



2e 2A )(2A + a t A-|) 



,2A 



(4A - 1) (- + d t Xj i) (Ei(2A) - Ei(4A)) }. 

(34) 



This flow equation has a Gaufiian fixed point = 0. 
Let us investigate the properties of this fixed point in 
the ghost sector for the case that the remaining system 
is at the non-Gaufiian fixed-point of the Einstcin-Hilbert 
sector, G — > G*, A — > A*. For this, we evaluate Eq. 
at the NGFP and obtain 



/(A) 



r lcC+ ng _ /(A*), 



„4A 



96tt 
2A+i 



,2A 



-8A 2 (Ei(2A) -Ei(4A)). 



(35) 



In the present truncation involving a classical ghost ki- 
netic term, we have r\ c — 0. Together with the fact that 
G > in the physical domain, this implies that the sign 
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of /(A) decides about the sign of the linearised flow of 
£ near its Gaufiian fixed point. Indeed, this function is 
negative for all A, see Fig. [2j The negative sign signals 



/(A) 




A 



FIG. 2: /(A) is negative for all values of A and asymptoti- 
cally tends to zero for A — > — oo, whereas it is unbounded for 
positive A. 



that £ is asymptotically free. Inserting the fixed-point 
values from the Einstein-Hilbert sector in the Landau- 
DeWitt gauge a = with a spectrally adjusted cutoff 
(see App. [5}, we get ^r/(A») = -1.404. As long as 
the ghost anomalous dimension rj c remains sufficiently 
small, our conclusion persists also for a larger truncation 
with a running ghost kinetic term. 

Our result implies that (i) the non-Gaufiian fixed point 
in the graviton sector is not influenced by the scalar 
curvature-ghost coupling, as the latter is zero at the 
fixed point, and (ii) this curvature-ghost coupling is RG 
relevant for the flow towards the IR. The latter prop- 
erty relates the initial value of this coupling to a phys- 
ical parameter that has to be fixed by an RG condi- 
tion (i.e., by an experiment). This does not necessar- 
ily imply that the scalar curvature-ghost coupling gives 
rise to an independent physical parameter. Since the 
background-field effective action has to satisfy (regulator- 
modified ) S lavnov- Taylor and background-field identi- 
ties QJ, [II QJ, Q3, [ll 13, this operator may be re- 
lated to other purely gravitonic operators. An answer to 
this question requires to resolve the difference between 
background-metric and fluctuation-metric dependencies 
which is beyond the scope of this work. 

Note that our arguments straightforwardly generalise 
to the coupling of any operator of the form J d d x^R-O s , 
where O s is a scalar operator of some fields, e.g., matter 
fields. The interaction part of the corresponding flow will 
always have a contribution ~ Gf(X) which supports an 
anti-screening flow. Of course, other contributions such 
as other interaction terms, the anomalous dimensions of 
the matter fields, and dimensional rescaling terms can 
eventually win out over the gravitational contributions. 



IV. CONCLUSIONS 

We have contributed another building block to the 
asymptotic-safety scenario for Quantum Einstein Grav- 
ity by computing the RG flow of a scalar curvature-ghost 
coupling ~ £ J d^x^/jc^RCfi with the aid of the func- 
tional rcnormalisation group. In our present truncation 
involving an Einstein-Hilbert sector, a classical ghost ki- 
netic term, and the curvature-ghost interaction, the cou- 
pling £ is found to be asymptotically free and RG rele- 
vant. Therefore, it belongs to the conjectured finite set 
of physical parameters which have to be fixed for an oth- 
erwise fully predictive theory of quantum gravity. 

As this curvature-ghost coupling is marginal in a per- 
turbativc power-counting scheme, the relevance of this 
coupling at the non-Gaufiian fixed point of the Einstein- 
Hilbert system is another example of the tendency of the 
fixed-point theory to increase the critical exponents of 
operators towards the RG relevant regime. 

From a technical viewpoint, we have shown that a di- 
rect integration of gravity fluctuations in the functional 
RG equation is possible without relying on heat-kernel 
traces and propertime representations. As little is known 
about heat-kernel expansions with respect to ghost op- 
erators, a running ghost sector has not been included in 
an asymptotic- safety study of gravity up to now. How- 
ever, ghost operators or a more general gauge- fixing sec- 
tor may carry important pieces of information about the 
flow of a theory in certain gauges, as it is the case, e.g., in 
Landau-gauge Yang-Mills theory in the strong-coupling 
domain. We believe that a more detailed investigation 
of the ghost sector is important for a better understand- 
ing of the non-Gaufiian fixed-point regime of Quantum 
Einstein Gravity. 

For instance, an evaluation of the ghost wave function 
rcnormalisation is still an open question, but at the same 
time of primary importance as it will both feed back into 
the Einstein-Hilbert sector as well as take influence on 
the curvature-ghost coupling studied here. 
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APPENDIX A: EINSTEIN-HILBERT SECTOR 

In this appendix, we summarise the results obtained 
from applying our technique to the flow of the Einstein- 
Hilbert sector. As the combination of the Landau- 
DcWitt gauge a — together with the spectrally ad- 
justed regulator has not been used before, our results 
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represent an independent verification of the fixed-point 
scenario. 



The spectrally adjusted flow equation has the following 
form in the Einstein-Hilbert sector 



J 



9 t n = £ (r« (i + r(»)) 



{m<£M} 



r 



Z N N m R 2 k 2 



(Al) 



where 



V 



.(2) 
k m 



(A2) 



Here, M. is the set of all modes of the York decomposi- 
tion of the graviton as well as the ghost. We have also 
introduced a normalising factor N rn which is chosen such 
that numerical factors in front of the eigenvalue of — D 2 
in the inverse propagator cancel in y. This guarantees 
that all Lanplacean momentum modes are regularised by 
the same effective IR cutoff scale. In order to regularise 



J 



the conformal instability, N m may also acquire a negative 
sign. 

Inserting the propagators and using the Euler- 
MacLaurin formula for evaluating the spectral traces, we 
project onto the two running couplings in the Einstein- 
Hilbert sector. E.g., in four dimensions, dtZ^ is ac- 
companied by a factor of the curvature radius squared, 
whereas the combination dt(Z^X) comes with a factor 
of r 4 . This allows for a straightforward projection and 
yields the following [3 functions of the dimcnsionless cou- 
plings: 



d t G = (2 + v )G, 
d t X = (-2 + 77)A 



G_ 

4tt 



(5?/ + 5e 2A (2<9 t A + r) + 4A) - 20A(<9 t A + 2A) (Ei(2A) + Log (I - e 2A ) - Log 



-,2A 



1))(A3) 



2M onT - UM f 12C(3) + 20i7rA(d t A + 2A)6<(-A)) 
(2tt 2 + (6 - I5e 2A ) f] + 30(<9 t A + 2A)Ei(2A) + 60ALog (f - e 2A ) - 30(<9 t A + 2A)Log (e 2A - f) (A4) 



-10<9 t ALi 2 (e^) - 20Li 3 (e 

5G 
"36tt 

-30Li 2 (e 2A ) + m-K{d t \ + 2A)0(-A)) 



Note that branch cuts in the logarithm and the polylogarithm contribute imaginary parts which cancel for A > 0. 
Thereby, the flow equations are completely real for all values of A. At the fixed point, dtXk = and ?/ = —2, implying 
(for A > 0) 



-4A 



G_ 

4tt 



5e 2A (4A - 2) - 10 - 40A 2 (Ei(2A) + Log (l - e 2A ) - Log 



2A 



I)) - 20Li 3 (e 2A ) + 12C(3)) (A5) 



5G 

-— (tt 2 - 6 + 1 5e 2A + 30A (Ei(2A) + Log (l 



„2A\ 



Log( e 2A -l))+15Li 2 (e 2A )) 



(A6) 



r 



A numerical solution yields the following fixed-point val- 
ues 



G* = 0.2797, A* = 0.3407. 



(A7) 



The universal value G^A* = 0.0953 is very close to the 
numerical values from other gauges and regulators [34| . 
The eigenvalues of the stability matrix correspond to the 



critical exponents at the fixed point (apart from a mi- 
nus sign). In the present truncation, they appear as a 
complex conjugate pair, 



0i,2 = 2.225 ±il.572, (A8) 
inducing a spiral shape of the flow lines in the vicinity of 
the NGFP, see Fig. G2 
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